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Abstraci—In this paper, we study a general setup for
constrained convex optimisation over time-varying net-
works. We propose a distributed algorithm, based on the
cutting plane method, to address non-smooth optimisation
challenges. Cutting plane-based approaches require con-
straint consensus which is structurally different from estab-
lished consensus schemes. We bridge this gap by linking
the cutting plane-based algorithm with a dynamic average
tracking scheme. The distributed cutting plane algorithm is
presented and its convergence is analysed. Its performance
is investigated through a numerical example.

Index Terms— Cutting Plane, Non-Smooth Optimisation,
dynamic average tracking, Distributed Algorithm

[. INTRODUCTION

ISTRIBUTED non-smooth convex optimisation, as a

crucial class of convex optimisation problems, plays
an important role in many engineering applications, such as
image decomposition and reduction (e.g., L1-norm minimisa-
tion problem), compressed perception (e.g., Lasso problem)
and artificial intelligence (e.g., L1-regularised empirical loss
models). The growing attention towards non-smooth convex
optimisation problems can be attributed to their versatility and
efficacy in addressing real-world challenges.

Within this area, distributed cutting plane methods serve as
an alternative direction to distributed subgradient methods for
non-smooth minimisation problems. Typically, cutting plane
methods do not require evaluation of the objective and all
the constraint functions at each iteration. Hence, the local
problem is much easier to solve. Moreover, cutting plane-
based approaches alleviate the necessity for a global tuning
step-size parameter, enhancing their practicality and efficiency
in distributed optimisation frameworks.

This class of methods have been investigated by recent
research. Existing fully distributed cutting plane-based al-
gorithms aim at achieving constraints consensus and are
structurally different from those well-known consensus-based
algorithms. Most approaches (i.e. [1]) focus on solving convex
optimisation problems with a common cost, where constraints
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are distributed through the network processors. The consensus
and convergence are achieved by exchanging sets of con-
straints to form an outer approximation of the global feasible
set. A decentralised cutting plane method was proposed in [2]
where the lower bounds are constructed by querying agents in
parallel.

The proposed distributed cutting plane tracking algorithm is
different from the existing cutting plane consensus literature
in the sense that constraints consensus is achieved along
with sample points consensus. Therefore, existing consensus
techniques can be deployed. Specifically, the same constraints
are cooperatively constructed by individual agents via sample
points consensus. In contrast with [2], our algorithm is fully
distributed in the sense that individual agents decide the next
sample point locally. Unlike [1], which adopts constraints
consensus by directly exchanging the constraint set, most
established consensus methods are compatible with our setup.
The proposed algorithm and the algorithm in [1] address a
local linear program with k and n (n represents the dimension
of the common decision variable) inequality constraints at
iteration step k£ > n. Compared with [1] that construct the
constraint basis, the constraints used in our algorithm are built
by computing N —1 (N denotes the number of agents) approx-
imation functions. The approximation computation also exists
in [2] where the central unit solves a dynamic unconstrained
quadratic problem. The algorithm in [1] transmits at most
n(n + 1) numbers per step whereas our proposed algorithm
transmits 2n + 1 numbers at each step. Since the computation
complexity and the communication burden depend on the
number of iteration steps and the number of neighbours, the
algorithm scales nicely with the network size.

Il. PROBLEM SETUP AND PRELIMINARIES

Consider a finite group of agents N' = {1,2,--- N} in a
time-varying network to cooperatively solve:

min > fi(w;) (1)
FLotN N
s.t Z gi(z;) <0
ieN

where x; € X; C R™ is the local decision variable, O is a
vector of all zeros of dimension s, and the objective function
fi + R" — R is private and only known to agent i. The



decision variables are coupled by means of separable private
and coupling constraints: g; : R™ — R,

We impose the following assumptions on problem (1).

Assumption 1 (Convexity and Compactness): For each
i € N, the objective function f; : R™ — R is strongly convex
and the constraint function g; : R™ — R® is convex. Also,
the constraint function g; : R™ — R?® is bounded on X;. The
set X; is convex and compact.

Assumption 2 ( Existence of Optimal Solutions and
Interior Point): The solution of Problem (1) exists and the
feasibility region has a nonempty interior. There exists & =
[@1,..., 25" € ri(ILieaX;) such that Y, gi(%:) < O,
where ri(-) denotes the relative interior of the set.

Assumption 2 states the satisfaction of Slater’s condition
and hence strong duality holds. Denote the multiplier associ-
ated with the coupling constraint ) ;- g;(2;) < 0as p € R®
and derive the dual problem of (1):

max Z ai(p) 2
1EN
where ¢; is defined as:
¢i(n) = min f;(z;) + p" gi(xi) 3)

It is known that each ¢; : R® — R is concave. Moreover,
let 1, € R® and suppose that x,,, minimises the Lagrangian
over X;, x,, = argmingex,{fi(z;) + p? gi(x;)}. Under
Assumption 1, g;(x,,) is the gradient of ¢; at ys (Theorem
6.3.3 in [3]) and the dual function is differentiable. The
concavity of g; and its bounded gradient indicates Lipschitz
continuity of ¢;,i € N.

A. Linear Approximation and Cutting Plane Oracle

The proposed distributed algorithm relies on the cutting
plane method. The basic idea of the cutting plane method
is interpreted as solving and iteratively refining a linear
approximation problem of the dual problem. The sequence of
linear approximation problems is constructed through oracles.
Formally, consider the following maximisation problem:

max (4a)
1>0.0€R
st Q<Y (90 (m—p)+q) Vus €RT (4

1eEN
where ¢! = ¢;(us) and ¢ is the gradient of ¢;(u) at pus.
In principle, the right-hand side of (4b) is an upper bound of
> ienr ¢i(p) in (2) and they touch each other at point 5. We
say that problem (4) is a linear approximation of problem (2).
Taking Z C R?® as the target set that contains maxima of
problem (2), Z = argmax, >0 Y _;cn ¢i(1), we have that if
ps & Z,then >,y qi(ps) < D cn ¢i(p), Vi € Z. Together
with the concavity of >\, qi(u), we see:
D) (e —ne)+ i =D ai(w) > ailus)
ieEN ieN iEN
and ultimately,

> ()" (= ps) >0,

1EN

VuezZ (6)

A cutting plane with respect to a query point us; € R? is

defined as a hyperplane h(us) == {u : a® (us)pu — b(us) =
0},a(us) € R® and b(us) € R that satisfies:
ol (ns)pe = b(ps) >0, Vp€Z (7a)
aT(Ms)Ms - b(us) S 0 (7b)

The cutting plane h(jus) separates us and Z. Given a query
point p, and a set Z, the cutting plane oracle either returns a
cutting plane h(us) that separates the point us and the set Z
or confirms that the point is contained in the set. From (6) and
(7), we know {a® (us)pu — b(1s) = 0} is a cutting plane with
respect to the query point yig by letting a(us) = >, g2 and
blps) = ZieN(gi)TUS‘

Cutting-plane oracle:

Given a query point i and a set Z.

If us ¢ Z, generates a cutting plane h(us) separating fis
and Z.

Otherwise asserts s € Z and returns an empty h

To numerically solve problem (4), the query point is selected
iteratively to generate cutting planes. The obtained optimum
could gradually achieve the global optimum of the dual
problem (2). Even though evaluating g% and ¢’ in (4b) can be
done in parallel across all agents, a central node is required
to form the corresponding cutting plane.

[1l. TRACKING CUTTING PLANE

To fully distribute the algorithm, the local dual updating
process of agent ¢ at step k is designed as:

vk, Q)] arg hax @ (8)
56.Q < (90" (y—pd) +d+ > (g5 (y — pt)

J#i

+¢7, se{l,....k—1}

where gi = gi(z}), % is the primal minimiser related to
pl and ¢¢ = ¢;(ul). The auxiliary variable g%’ estimates
gj(zl),5 #i.In this setup, we denote query points {’ }s<k—1
as sample points in the sense that each agent decides locally
at which points to generate cutting planes.

Unlike the centralised algorithm that set u} as the next
sample point, the distributed sample point is selected based
on the following dynamic average tracking scheme:

ph =Y alul_ vk — iy )
JEN
which is initialised identically for all agent i € N as ph =
% > JeN y3. Under this scheme and the following assumption,
1y, acts as a distributed tracker of the time-varying signal
~ 2 ien Ui (see proof of Lemma 2 (i)).

Assumption 3 (Weight Coefﬁcients) If agent J transmits
information to agent 4, then a;’ > 0, otherwise a;’ = 0. There
ex1sts n € (0,1) such that for all 4,7 € N and all k& > 0, if

7 > 0 then a;’ > 7. Moreover,

1) Yoiay =1 foralli=1,.. N
2) Yaf =1 forall j=1,...,N



Each agent 7 gives weights to the received information and
assigns zero weights to j when there is no communication link.
More generally, when agent j’s transmitted information is not
available to agent ¢ at the current step, the communication
link is modelled as unconnected. This unavailability could
arise when there exists temporary communication failures or
bounded time delays.

The dual problem (2) may have multiple optimal solutions,
while any optimal dual solution can lead to the primal mini-
mum under the strong duality condition. In a distributed setup,
reconstruction of the optimal global dual solution depends on
consensus. In order to guarantee consensus on local sample
points, it is necessary for agents to employ a common rule
to select one optimiser. Hence, we adopt the lexicographic
criterion (see Definition 42 of Appendix C in [4] for the
definition) to obtain a unique solution in (8), termed lex-
optimal solution.

A. Communication and Local Estimation

Problem (8) is a local estimation of problem (4). To update
this local estimation, agents share some of the information
with others. The shared information is processed locally by
each individual agent and cannot be requested by other agents.
We assume the agents update and transmit the shared informa-
tion at discrete time steps. The communication between agents
is modelled by a time-varying undirected graph sequence
{Ga(0),G4(1),...}. Every graph instance G, (k) includes a
time-invariant vertex set A" = {1,2,--- | N} that corresponds
to agents and a time-varying edge set F(k) represents their
communication links. The agent ¢ and j can transmit infor-
mation with each other at step k through the undirected edge
(i,j) € E(k). Also, (i,i) € E(k),Vi € N,VYk > 0. The
assumption on the communication is the following.

Assumption 4 (Connectivity and Communication): The
undirected graph G2° := (N, |J°Z, E(7)) is fully connected.
Moreover, there exists 7' > 1 such that Uk+T E(1) = N2 for
all £ > 0, i.e. agent ¢ receives information from a neighbouring
agent j at least once every consecutive 7T’ iterations.

Assumption 4 ensures that the information transmitted by
one agent can influence any other agents infinitely often. It is
a crucial assumption for achieving optimality.

At step k, agent j solves the local optimisation problem
samples his local objective function at the obtained point 1475
broadcasts (1},,q), = = q;(1l), gi = Vaq;(u}) to and receives
why gk = qi(pk), gt = Vg;(pi) from his current neighbours
ie{ieN:(i,5) € E(k)}.

Suppose agent % is agent j’s neighbour at step m € M ﬁfl
where Mfi_l = {m|(i,j) € Ga(m)andm <k —1}. Storing
all received information of agent j including {u?,} and
corresponding {¢7, = q; (i)}, {9}, = Va;(p7,)}, a piece-
wise linear function ¢;” (1) can be constructed by agent :

g ()= min qh, +(gh)" (w—p)  (10)
mel\lji
Notice that, for all p} € {u),, m € M}, q T(uh) = qj(ub),

otherwise q,i:j (ui) > gj(ul). Therefore, g, () bounds the
objective function ¢;(x) from above and this upper bound

becomes tighter as the cardinality of the set M fi_l goes to
infinity.

The global cutting plane can be reconstructed locally as long
as the local sample points coincide. Then, solving problem (8)
with approximated information can lead to a reliable optimal
solution.

B. Distributed Cutting Plane Algorithm

The detailed iterative approach of the proposed distributed
cutting plane tracking algorithm is presented in Algorithm
1. The network topology is initialised as a fully connected
graph. The initial points y{ can be arbitrarily chosen in the
set RS and pf should be initialised as the average of all y,
1y = 1/N >, cnr y6- This initialisation could also be achieved
through average consensus ahead of optimisation.

Algorithm 1 Distributed Cutting Plane Tracking Algorithm
N i
% > im0

1 Initialization :{a¥}, G.(0), v} € RS, ui =
2: Evolution : for k =1,2,...
3: Update zi_, = argming,cx, fi(z;)
4: Gather u{u‘fl,gifl ' 4
all neighbours j.
5: Update for all neighbours j
Mk L= {m|@,j) € ga( Jandm <k —1} .
a4l mlnmeﬂfj’?i’l @+ (93)" oy — 11d)
m* = max{argmax,, o1 g+ (g) " (451 -
Gl < G
6: Compute the lex-optimal solution of the following opti-
misation problem
[y}, Q)] = arg maxy>o0,gcr @ N
8.6.Q < (90" (y — pl) +ai + 32;i(97) T (y—
1) + 47, se{l,....k—1}
1y, = Z_je/\[ QZJH;_1 + Yk = Vi
: Update G, (k) and {a;’

+ (h—1) " gi(s)
= gj(xifﬁa‘d,l = qj(;dcfl) from

1)}

~

Updating coefficients {a Vi that fulfil Assumption 3
requires agents to agree on an infinite sequence of doubly
stochastic matrices. This agreement is feasible, for example,
by using Metropolis weights.

In practice, agent i+ € A/ will terminate its update process
when the local estimation for the gradient of the global dual
function at the latest sample point approaches zero. More
specifically, ||g;(z%) + D i g;7|| (where g} is defined in
Algorithm 1 step 5) keeps below the user-defined tolerance
for a number of iterations greater than 7' (7" is defined in
Assumption 4).

Some appealing features of the proposed algorithm are
worth highlighting. The algorithm does not tune a global
step-size sequence, making the convergence rate insensitive
to parameters. Meanwhile, the algorithm enhances privacy
protection of all agents by transmitting aggregated information
derived from the local dual functions so that agents do not
disclose sensitive primal information (such as local primal
state x;, local cost f; or local (sub)gradient V f;).



C. Technical Analysis

The process of generating local cutting planes could be
interpreted as separately approximating every other agent’s
dual function g;(u). The following analysis is based on this
interpretation. The approximated dual function of agent j is
updated by adding a new hyperplane which is defined as:
hje-1 = {(1,q) € R* xR (g3 _)" (W—pj_y) T, —q =
0}. According to the algorithm, the next sample point /i, is
chosen as:

yk—argmaXqu (11
T JeEN
M= @l + Uk — Vi (12)

JEN

where yk is the lex-optimal solution. Let us denote
Yjen @ (y) as Ci(y). By construction, Ck( ) is concave
and non-increasing with respect to k and gj, + i gk
the graident of C} (y) at point .

We start the analysis of Algorithm 1 with the property
of sequence {C%(y)}r>o0 and results derived directly from
previous research.

Lemma 1: The sequence of functions Cf}(y) uniformly
converges to C;(y) and the sequence of sample points {y}
converges to a limit point §; as k goes to infinity, for all ¢ € N.

Lemma 2: Let Assumptions 1-4 hold. Consider sequences
{yi x>0 and {,uk}k>072 € N generated by the proposed
algorithm and let fix, = 37 Y_;c - Mi» We have:

(i) [5] The network average of the local variables 1, defined
by jir = % Y ieN i coincides with the average of yi:

Zyk

zE./\/

Ak = (13)
(i1) (Following similar lines as Lemma 2 in [6]) For all &, s

with s > 0,k > s, and for all 7 € N/, the following
holds:

e — Al <7g* =" 1ZHMSIH Z S 12 24

r=s+1
E el
N

where 7 is a lower bound defined in Assumption 3,
v o= 2(1 4+ W) /(1 = gNIT) € Ry, g =
(1 —yW-DT)=D7 € (0,1) and d}, =y}, — }._,.

We are now ready to state our main result.

Theorem 3: Let Assumptions 1-4 hold. Consider sequences
{y }r>o0 and {Nk}k>0 generated by Algorithm 1 with y{ €
Ry and p) = % Y ien yO,Vz e N. Let Yr and fi; be their
average: Ur = ~ 2_;cn Yp and fiy = ZzeN i We have:

(i) The tracking error defined as ei = u! — [, shrinks to

0, limg o [lej. || = 0, Vi € N.
(i) All  local quantities  pj
limy o0 |17, — Nk”ai,j EN.
(iii) The sequence {u}}r>o converges to a limit point [,
limy, o0 || 124 — f1]| = 0 holds for all i € N.

+ ||di || + = (14)

achieve  consensus:

(iv) The limit point ;i maximises the global dual problem
(2), fi € argmax,>o ZiEN q: ().

Proof: (i) According to Lemma 1, the convergence of
sequence {yj }r>o implies limyg o0 [|d} ]| = limpgeo [lyf —
yi_4|l = 0 for all ¢ € N. Choose any ¢ > 0, there exists
some sufficiently large s such that ||d%|| <  for all k > s. By
Lemma 2 (ii), we have:

N k—1
i = el < Ag" 7> Nl 4+ Nye Y ¢F T 4 2e
j—l r=s+1
k—s—2

¢ IZHH | + Nve Z ¢+ 2
S AR Z ]l + N%th + 2
=1 =0

< NyDg*~~! + Nvl%q +2¢ (15)

Taking limsup on both sides of (15), because ¢ € (0,1) we
have for all i € NV:

. . €
limsup ||ug, — k|| < Ny—— + 2¢ (16)
k— o0 1- q
Hence, by arbitrariness of € > 0, the following holds:
lim [lej|| = lim g, — il =0 (17)
k—oo k—oo

(i1) Directly from (i) , we know all local quantities .“2 achieve
consensus:

— [l =0
(18)

(iii) According to Lemma 1, we know the limit of sequences

{yi }x>0 exist, denoted as yz,Vi e N. Meanwhile, as dis-

cussed in Lemma 2 (i), fix = + Zze N yk holds Therefore,
the limit of sequence {fix}r>0 exists. Let i = + Zle N Jis

we obtain:
v >l
zEN

li Ll < i (T lim ||2]
A g, = gl < lm g, — fll + mlpy,

lim (|, — Al = lim (), —

< hrn (Huk Al + [l ax — N Zka

ieEN
1 )
+ lm <[>y =Dl
koo N iEN iEN

=0 (19)

(iv) By convergence of the Lagrangian multiplier yf, the
primal solution z = arg minIieXL fi(zi) + (i) T gi(x;) also
¢ — #;|]| = 0 for each agent
i € N. Based on properties of the dual function, we know
limg—s oo gk = gi(#;),Vi € N. We first show limy_, g7 =
limy_, g5, = g,(&,) holds for all 4,5 € N. By construction
(shown in Algorithm 1 step 5), we have:

a” () = _min ai () + ()" (i — 1) (20)
= G (i, )+ (G, ) (i = 1, ) 1)
< q;(pg,) + (90)" (ke — 13) (22)



where mj ;. is the largest element in set M? defined as:

M; (97" (i

’ (23)

=arg min q;(u),) + — M)
Jji
mjx = max M¥ (24)
Assumption 4 implies |Mﬁfl| — o0 as k— oo forall 4,5 €
N. In general, this gives us two possibilities: m; ; in (21) is
finite or m;, — 00 as k — oo.
First, we deal with the case where mjk — 0O as k —
oo for some j # i. By gonstruction g = 9, .- Hence,
Next, we discuss the situation where there exists a finite
step 1 such that m; ;. = 7 for all k > 7 and for some j # i
and we will show that limy,_, g, = g,(&;) also holds. From

relationship (21)-(22), we have:

0 (i) = a5 (1) + (950" (i = 1) (25)

< g5 () + (90)" (ush, — 113) (26)

< g5 () + gL llesh, = pif | 27)

holds for all £k > . According to consensus, we see

limy, o0 ||t — pl|| = 0, Vi € N. Choose any ¢ > 0, since
|M]’“Z| — o0 as k — oo there exists a step k such that

|t — 2] < €/2 holds for all k > k and all i € A. Hence
from (25) and (27):
(1) + (gh) T (ks — i) < i (ud) +ellglll - (@8)
By concavity of ¢;(u), we see:
a; (1) < a5 () + (g5) " (g — 13 < a5 () + el g
(29)
Together with Lipschitz continuity of g;(x), we have:
a5 (i) < as(u) + (ah)" (uf, = 1) (30)
< q;(p ;5)+6(||9k||+L) (3D

We emphasise that k depends on e. Choosing € — 0, we have
either (1): kK — oo or (2): finite step convergence holds.
1) Notice that limg_, ., q;(pt) q;(iv)
lime0q;(ut) + e(lgill + L) = q;(i), therefore

the following holds according to (30) and (31):

and

Jim q;(uf) + ()" (= e7) - G2)
=q; (1) + (gh)" (i — 1) (33)
=q; (1) (34)

where the latter equality implies g
¢;(p) at g, and at fi.

2) Finite convergence implies there exists a step k < oo
independent of € such that u% = f for all k > k.
According to (30)-(31) and take the limit of € — 0:

is the gradient of

q; () < ;) + (93)" (A = 1) < q5(3)  (35)
which also implies gfn is the gradient of g;(u) at ufﬂ

and at fi.

For both cases, by definition, 97;1 = Vg;(pr) = gj (ij)
Together with the construction gkj = g,'n o We see gkj = gm
holds for all & > 7 and limy_, o gk = gj (&) as claimed.
Let ¢; = limgooo(g, + Zﬁéz g;7), we see g; =
> jen 95(2;). By construction, g; is a subgradient of C; at
fi. Notice that } .\ gj(£;) is independent of i and therefore
gi = g5, Vi,j € N. This result implies that the local cutting
planes achieve consensus. By defining G = g¢; and since

p= % > ien Ui» We have:

> ool @i—m=>_ G"( —p)
ieN ieN
=G"Y (Gi—-p)=0 (36)
ieN

Meanwhile, §; maximises C;(y), the following holds for all
ieN:
9 (G =) 2 0 (37)
Relationship (36) and (37) implies g/ (§; — i1) = 0 holds for
all i € N. According to the concavity property:
Ci(:) < Ci(i) + g/ (§: — 1) = Ci(i1)
Hence, /i coincides with the maximiser of all C;(y), i.e. 1 =
9, Vi € N. Denote Q(u) = ZieN qi(u). We conclude that:

Ci(A) = Q)| < lim > g,
%

which directly shows the following relationship for all i € N

Ci(p) = Q) < Q(u*) < Ci(p*) < Ci(5:) = Ci(ja) (40)

where p* is a maximiser of Q(u). Hence, we obtain i is also

a maximiser of Q(u). [ |

By Assumption 2, strong duality holds. Hence, local primal
solutions also converge to the primal optimum.

(38)

i) —aq;(p) =0 (39)

[V. NUMERICAL EXAMPLE

To demonstrate the performance of the algorithm, we test
the proposed algorithm on problem (1) with N = 10 agents.
The dimension of each agent’s decision variable is set as
[n1,...,n10] = [2,2,2,2,3,2,4,3,2,2]. The dimension of
coupled constraints is s = 2. Local objective functions are:

filz) = x;'Fszz + ||l 41

where each (); € R™*™ is randomly generated such that
its eigenvalues are drawn uniformly from [1,5] and each r;
is selected uniformly from [0, 1]. Communication graphs are
generated randomly with 7" in Assumption 4 be set as T = 30.
The local feasible set is &; = {z; € R™|z; < z; < T;}
where x; and Z; are drawn uniformly from [—15,—5] and
[5, 15], respectively. The coupled constraint functions g;(x;)
are:

gi(zi) = Alz; — b, (42)

where entries of A; € R**™ are randomly selected from
[-1,6] and b; € R® ~ Normal(0,5). The behaviour of
Algorithm 1 and the comparison among other algorithms are
shown in Fig.1 and Fig.2.
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Fig. 1. The plot at the top is the evolution of normalised dual consensus
residual ||uf — fik|l2 from k = 1 to k = 50. Different colour
represents different agent. The plot at the bottom shows the evolution
of normalised network primal residual 312 ||alc,c — ai||2 and the

evolution of normalised network duality gap Z 11QL — Ff|.
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Fig. 2. Evolution of S°72, ||ai — x||= among different algorithms.
The other four algorlthms need tuning parameters and we choose them
based on the recommended parametric structure.

V. CONCLUSION

We have presented a distributed optimisation algorithm that
combines the cutting plane method and dynamic average track-
ing protocol. We showed that the method links the constraint
consensus scheme with the well-established decision variable
consensus techniques. The convergence behaviour has been
verified theoretically and numerically. Future investigations
include relaxing topology assumptions and extending the al-
gorithm to asynchronous implementation.
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APPENDIX |
PROOF OF PREPARATORY RESULTS

A. Lemma 1

By definition, the sequence of functions C}(y) is mono-
tonically non-increasing in k. Moreover, denote Q(y) =
>ien @), Ci(y) = Q(y) holds for all y > 0 and k > 0.
This shows existence of the limit C;(y) = limy— o0 C}(y).
Notice that C;(y) is a point-wise infimum of continuous
functions and therefore it is upper semi-continuous. Moreover,
Ci(y) = qi(z) +limg 00 ¢;,” (y) and g; is a concave function.
Hence, C;(y) is also concave. By the Gale-Klee-Rockafellar
Theorem [7], a convex function on a polytopic set is upper
semi-continuous. Apply this theorem on —C;(y), we see C;(y)
is lower semi-continuous. Hence, C;(x) is continuous. By
Dini’s Theorem, convergence of C}(x) to C;(z) is uniform
on the convex set y > 0.

Let §i be one of the maxima of C}(y) over set y > 0,
gj, € argmin>oCj(y), we know C{(9;) > Ci(y) > Ci(y)
for all £ > 0 and Vy > 0. Let Q) be the non-empty set of limit
points of the sequence {g;} and arbitrarily take w € 2 and
let {i%q} be a subsequence converging to w as ¢ — +o00. The
following holds:

Jim |G, (3,) = Ciw)l (43)
< lim (|Ck( .,) — Cilii )|+ 1Ci(g;.,) — Ca(w)]) = 0
Then, we obtain that for any y > 0,
A _ i)y > i S
Cilw) = lim G (5,) = lim Ci (y) 2 Cily) (44

Hence, any w € 2 is a maximiser of C;(y). Under the lexi-
cographic criterion, the obtained sequence {y} },>0 converges
to a unique limit point g; € 2.

B. Lemma 2 (i)
We prove this lemma by induction. Relationship (13) holds

for K = 0 by definition of fj and initialisation: iy =
% Zz‘e/\/ yé. Assume now that (13) holds up to k, then:
Pkl = - Z Z %4_1/% + ylichl — )
zEN JEN
(a) 1 ij
ZED V)RS i e
jeN €N ieEN
= ,Uk_ Zyk+ Zyk-H
N iEN N iEN
Z Ykt (45)
zGN

where in (a) we exchanged the summations, and in (b) we
used column stochasticity of the weights and the definition of

-



